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ABSTRACT 


A representation of the scattering amplitude, 
containing an average Regge behaviour and crossing sym- 
metry for linearly rising trajectories, is proposed. It 
obeys superconvergence sum rules at all t, exhibits 
in aclear way the Regge poles vs. resonances duality 


and demands families of parallel daughters. 


* On leave of absence from the Weizmann Institute 
of Science, Rehovoth, Israel 


+ Address after 1 September 1968: Department of 
Physics, M.I.7%., Cambridge, Masse USA 


68/881/5 - TH. 924 


19 July 1968 


Ref. TH.924 


Crossing has been tne first ingredient usec to make Regge theory 
a predictive concept in high energy physics. However, a complete and 
satisfactory way of imposing crossing and crossed channel unitarity is still 
lacking. We can look at the recent investigations on the properties of 
Reggeization at t=0 as giving a first encouraging set of results along 
this line of thinking 1) A technically different approach, based on super- 
convergence, has been also recently investigated , and the possibility of 
a self-consistent determination of the physical parameters, through the use 


of sum rules, has been stressed. 


In this note we propose a quite simple expression for the relati- 
vistic scattering amplitude, that obeys the requirements of Regge asympto- 
ties and crossing symmetry in the case of linearly rising trajectories. Its 


3) 


explicit form is suggested by the work of Ref. and contains only a few 
* 
free parameters 


Our expression contains automatically Regge poles in families of 
parallel trajectories (at all t) with residue in definite ratios. It 
furthermore satisfies the conditions of superconvergence 4) and exhibits in 
a nice fashion the duality betwee: Regge poles and Sesonances in the scat- 


tering amplitude. 


The first example we want to discuss is the scattering Ww-[rt; 
whose convenient properties have been already stressed in Ref. 3) We 
introduce the invariant amplitude A(s,t,u) through the definition of the 


T matrix 


. ‘We shall mostly work here in the approximation of real, linear 
trajectories and consequently of narrow resonances. We briefly 
discuss the effects of a non-zero imaginary part in the trajectory 
function which, in any case, we demand to have a linearly rising real 
part. 
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where P, are the pion momenta and «, is the «> polarization vector. 
A(s,t,u) has only dynamical singularities as it is free of kinematical ones. 
It is also completely symmetric in the three Mandelstam variables. 

3) 


high s and fixed t could be written as: 


It was found in Rer. that a "good" parametrization of A at 


ÀG tu) x | rr) (-X(S)) + (S eu) 
$- 0o rm (2) 
with (3 =constant. We use the word "good" in the sense that Eqe (2), when 
used as an imput, is able to reproduce itself quite consistently through 


the use of superconvergence sum rules. 


What is the amplitude for non-asymptotic values of s? If Eq. (2) 
was exact after some s, analyticity in the s plane (at fixed t) would 
require it to be valid at all s and Eq. (2) is certainly a solution of 
superconvergence., However, Eqe (2) does not satisfy st crossing as vhis 
demands poles in s such as those induced in t by the pP(1-&(t)) 
factor. On the other hand these poles in s could in principle destroy 
the asymptotic behaviour (2) through the introduction of fixed singularities. 
The lowest moment sum rules are just imposing that this is not happening at 
the nearest negative integers. Furthermore, we expect that the presence of 
bumps in the low energy region will produce (through analyticity) a modifica- 
tion of the high energy form which will not be as smooth as Eq. (2), but will 


rather show oscillations in s.e 
| | 4 of(+)-1 
Consequently, we take out the factor (- X(s)) and we 
symmetrize Eq. (2) multiplying by a factor {"(1- ¥(s)) and dividing by 


M(2-XK(s)-X(t)) in order to have the correct asymptotic behaviour. After 


symmetrization in s,t,u we have 


oe ya Blar yp He, E E E e a ee ee 
Åt u)= = | Cx), I AS} 4 BU- x), 1 Og) + AU Ks ey (3) 
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where we have introduced the Fuler B function 


hs nae ig ie ee Se dee 
eared aa 
i ‘ 
Ce Y) 


Notice that, in Eq. (3), E must be a constant if we want to have a Regge- 
like behaviour which, AOR R with crossing, also demands the 1/(F(x)) t 
dependence of the reduced residue function. Equation 43) in fact is hard to 

| ‘modify if one demands an a behaviour in all channels. The only simple 
generalization of Eq. (3) seems to consist in the addition of non-leading 


and similarly structured terms like B(m- X(t),n-(s)) with m, n>1. 
We now discuss some properties of Eq. (3) in detail 


1) Behaviour for large positive s and fixed t 


The first two terms (we shall come to the last one in a moment) 


gives 





A= Be) [samara posea) p T xia) 
Sea TAL) | SUNTAN o Pix) Í KOET CEEI (4) 
The second term is purely real (for positive s) and goes like 
rls) ee ae The first term is the one that corresponds to the Regge 
term (~ X(s)) &4)-7 and has both a real and an imaginary part. Some 
trivial algebra shows that, from the whole Eq. (4), we have a real piece 


like Be 





Biro) r 


as in the Regge theory, while the s discontinuity is all contained in 


the form 


m. Cs alt} | 
A wm -Ble} Cotol(s) [lls ia 


orn 
Les 
od 
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If Im « is strictly zero, Eq. (5) gives just poles in s and ImA 

is a sequence of § functions. If Im x is different from zero and, 
for instance, increases with s (this happens if the total width does not 
vary strongly with s), ImA will describe bumps for moderate values 

of s, but will finally tend te Ree as in the Regge 
theory [this is due: to cot X(s)—--i]. Of course, the parametrization 

of Eq. (3) can be taken as such only for linearly rising trajectories in 
which case la (8) PX?) is equivalent to (oo) Mt), However, we only 
need a Leading term 1a œ (s) going ian Wh sy and this does not 
imply Imx=0. If Imx 40 one probably gets, besides moving poles, 


other singularities (cuts?) as well. 
D / 


2) Singularities_in_the various _chanuels 
Equation (3) has quite nice analytic features. It has cuts in all 
the three Mandelstam variables starting from the 2m threshold, where 
X begins to show an imaginary part. However, if we restrict to real 
linear trajectories, our expression has only poles whenever CK passes 
through an integer bigger than 0. Furthermore, because of the 
M2- x(s)- xf (t)) denominator, no double pole appears, in the sense 


that the residue in a pule is a polynomial in the other variable. 


At first glance our expression shows poles at even values of A 

as well, in contrast with invariance principlcse As these are always 
non-leading terms, one can in general eliminate them by the addition of 
non-leading expressions as explained in the beginning. More amusing to 
notice is the fact that, at least in this reaction, the elimination of 
spurious singularities can be achieved with a single condition on the 
trajectory % (t). Take in fact X(t)=2. The residue at the pole, 
produced there by f (1-x%(+)) is simply proportional to O(u)+X(s). 
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We then demand 


yes 


s aF \ oo — : fai ` mme 
JFJ =. ty + GTA ALITE 2. 


i 


G 


AC 


v 


(6) 


which after some easy algebra gives (always for linear trajectories) 


BY ies Oe oe ee a? ” 
AGS} + X(t) + er a eee (7) 


Equation (7) can easily be transformed into the prediction 


ze 
se 
won, 


ns R o ty i nm er) "I R a ) S A 
X e A MA |, x Add ‘ny +i eae xX = Pi dA, nD. J KO den — i 


a i (8) 


which was derived in Ref. ) from the sum rules. The reader can verify 


N 


that Eq. (7) is enough to cancel all the undesired poles at the even 
integer values of X . A further interesting consequence of Hq. (7) 
concerns the third term of Eq. (3) which could in principle violate 


the Regge behaviour. Instead, using (7), that term can be rewritten as: 





wy y Š F a 
A(t) t iad(SI4+A1t)- 1, 
| grap : mOn ame eae 8 OEE eaae -e TTE LS par oe - 7 
HLM O] E Eea SÌ) (9) 


which is still Regge behaved. The whole Eq. (3) can be rewritten in the 


form 








P ges) ano ih) | 
Pee ole e 
| FORA pi we mayen rnin. «aN a E a RP A, am 
PAA t a ae y ene i aar eni é fd 
Ge ie ces CUNE a (10) 


which shows the automatic cancellation of the poles at the even integer 
values of % . By use of (7) one can also write (3) in the very sym- 


metric form 


asr? 





Aa B Pp- Ph- VV io) CUT) t L Tolle 4 Gia Tol (ay | 
ee a TNS ee a oes L j 
ar} = 
S (11) 


68/881 /5 


106 


As a second example let us consider the process iT) E . According 
to our prescription the invariant amplitude A defined as in Kq. (1) 


will be given by: 


a 


4 ra A EN f >us 7 w 
E > fi f es Cc S Fi P B f A f art) ft fea i ice Jy f u $ ) ASE A Í y 7 (¢ | mam g f 3 | 
A wy ap oo oe aa G ( “7 xX Ko d i . j wee X fé i 4 5 % i L $ £ ri d m ' ) ee : oe F. j yl i] 
| j T L l 


(21) 


where Wit EA is the t channel., Imposing to find no poles at 


even integer value for xp (t) we obtain: 


/ C e 4 Í : j i aN 
Xa (S) toy lilt dele = 2 
| (22) 


Imposing absence of poles at the odd integers for OX as we find again 


Eq. (22). This demands 


a 
“4 


ey 


CEE wd ( 29 ) 
; A A 


Using ng =0.6 dre and Eq. (7) we obtain 


E ae ee ea 
7 f pog Wen Mi ete dita ay goz 
OX lare be er ee o Ma 
Ag. mB MAp Ae A ee ( 


We thus predict Ma, = 1590 MeV « 


As a third_example one could try to build up a scattering amplitude for 
s+s>s+s (s being a scalar particle with the vacuum quantum numbers) 
and try to ask dominance of a leading trajectory passing by the 
particle itself. This is seen to be impossible with a positive slope 


of o& , since the equation similar to (7) gives %(0)=1. 
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11. 


It is possible to extend the above considerations to the more 


interesting case of | 7? scattering and to obtain a crossing symmetric 


ae en: 





amplitude in the approximation of z and fÊ trajectory dominance and 


disregarding the Pomeranchuk, according to a now accepted philoso- 


8),11) ; ; P ; Z / 
phy )s “e We find consistency only if OX ae m and OC (0) 2473. 
Furthermore, we can predict pormo scattering lengths in terms of 
2 l ; À 
Bp mr and obtain (apart from the Pomeranchuk contribution) 
‘ d 
pre ened a co ; i pee is ! 
Chey BO/Z A, 2 - eS Hy 


Further details as well as applications of this scheme to more 


complicated cases will be considered elsewhere. 


The author wishes to acknowledge interesting discussions with 


De Amati, S». Fubini and M.e Toller. 
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We know that, at t=0, a simple (irreducible) Lorentz pole does obey 
factorization [see Ref. 174, It seems also plausible to conjecture 
(M. Toller, private communication) that this is the only case in which 
factorization is fulfilled. Since our expression does not probably 
correspond to a single Lorentz pole, non-Lleading terms might be needed 
in order to have fectorization, We thank M.e Toller for a discussion 


on this point. 


It may be, however, that one runs into difficulties in adding the 
Pomeranchuk contribution at the end in a crossing symmetric waye An 
alternative interesting possibility would be to consider it as originat- 
ed somehow by the other trajectories (through their non-resonating parts) 
and not as an independent object. This problem which certainly requires 
further study, is closely connected to that of the nature of the 


Pomeranchuk singularity, 


